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Planar contraction flow with a slip boundary condition
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Abstract

Inertialess planar contraction flow with a Navier (linear) slip boundary condition has been studied for Newtonian
and inelastic non-Newtonian fluids. For Newtonian fluids there is a region of curved streamlines as the flow adjusts
from an upstream no-slip region with radial streamlines to a downstream slip-flow region that also has radial
streamlines. Power-law fluids exhibit qualitatively different transverse flows forn > 0.5 andn < 0.5, with radial
flow for n = 0.5; it is thedownstream flow that approaches no-slip forn < 0.5, while the upstream approaches
slip flow. Carreau–Yasuda fluids show a transition from Newtonian behavior upstream to power-law behavior
downstream. The most interesting case is a Carreau–Yasuda fluid withn < 0.5, where the azimuthal velocity
changes direction, causing significant curvature in the streamlines. The streamline curvature may be relevant to the
onset of entry flow instabilities at high stress levels in polymer processing.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Converging flow through a circular or planar channel is a common feature in polymer processing
operations. Analytical solutions for planar contraction flow of inelastic and weakly viscoelastic fluids
employing the no-slip boundary condition are well known; inelastic liquids follow radial streamlines,
while weakly viscoelastic liquids may exhibit a small secondary flow very close to the exit[1–4]. Stress
levels in polymer processing operations are often sufficiently high, however, that the fluid exhibits apparent
slip at the solid boundary[5]. Flow with perfect slip will be radial for all constitutive equations.

In this paper, we analyze the creeping flow of Newtonian and inelastic non-Newtonian fluids in a planar
contraction with a Navier (linear) slip boundary condition. We find that curved streamlines arise in the
presence of wall slip, which may be a factor in the initiation of instabilities associated with entry flows.
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Fig. 1. Planar converging flow.

2. Newtonian fluid

We consider the planar contraction geometry shown inFig. 1. The radial coordinate is measured from
the vertex where the plates nominally meet, and the total angle between the two planes is 2α, with walls
at θ = ±α. The two-dimensional creeping flow equations for an incompressible Newtonian fluid can be
written in terms of the stream function as

∇4ψ̄ = 0. (1)

The radial and azimuthal components of velocity,v̄r andv̄θ, are then

v̄r = 1

r

∂ψ̄

∂θ
, v̄θ = −∂ψ̄

∂r
. (2)

The solutions toEq. (1)with boundary conditions of either no-slip or no-tangential stress exhibit radial
flow profiles. We consider here a Navier slip boundary condition at the plates,

v̄r = ∓βσrθ, atθ = ±α, (3a)

whereβ is a constant that is characteristic of the fluid/solid pair. Incorporating the Newtonian fluid
constitutive equation, the boundary condition becomes

v̄r = ∓βη

[
∂v̄θ

∂r
− v̄θ

r
+ 1

r

∂v̄r

∂θ

]
atθ = ±α. (3b)

The condition of no flow through the walls requires

v̄θ = 0 atθ = ±α. (4)

Eq. (3b)can be written in terms of the stream function as

∂ψ̄

∂θ
= ∓

(
βη

r

) (
∂2ψ̄

∂θ2
− r2∂

2ψ̄

∂r2

)
atθ = ±α. (5a)
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We now make use of the following dimensionless variables:

R = r

βη
, ψ = 2αψ̄

q
, φ = θ

α
and v = 2αβη

q
v̄.

Here,q is the flow rate per unit width, which is negative for converging flow.Eq. (5a)then becomes

∂ψ

∂φ
= ∓R−1α−1

(
∂2ψ

∂φ2
−R2α2 ∂2ψ

∂R2

)
atφ = ±1. (5b)

The productβη is the de Gennes slip extrapolation length[6], which is of molecular scale for polymer
melts at low stresses but can be of the order of millimeters at high stresses, especially in the presence of
fluoropolymer additives[7]. We recover the no-slip boundary condition asR → ∞, while we recover
the no-tangential stress (complete slip) boundary condition asR → 0. With this observation we can
anticipate the form of the solution for the Newtonian liquid: We expect radial flow far from the vertex
(no slip) and also close to the vertex (no stress), with an intermediate transition region. The flow in the
transition region will slow down at the center plane and speed up at the wall, so there must be an azimuthal
velocity directed away from the center plane to maintain continuity. (A dimensionless velocity away from
the center plane is negative for 0< φ < 1.)

It is straightforward to obtain regular perturbation solutions valid forR � 1 andR � 1. We first
consider the caseR � 1, for which the base case is the radial flow associated with the no-stress boundary
condition. We write the stream function asψ = ψ0 +Rψ1 + O(R2). ψ0 = αφ is the complete solution
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Fig. 2. Streamlines for a Newtonian fluid. The solid lines are the finite-element solution, while the broken lines are the first-order
perturbation solutions.
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for the no stress boundary condition, while the general expression forψ1 isψ1 = a1 sinαφ+b1 cosαφ+
āφ sinαφ + b̄φ cosαφ. After satisfying the boundary conditions we obtain

ψ = αφ +R
( α

2 sinα
φ cosαφ − α

2 tanα sinα
sinαφ

)
+ O(R2). (6)

ForR � 1, we expand inR−1, for which the base case is the radial flow associated with no slip. We write
the stream function asψ = ψ0+R−1ψ1+O(R−2). ψ0 = a0φ+b0 sin 2αφ satisfies the no-slip boundary
condition. The general expression forψ1 is ψ1 = a1 sinαφ + b1 cosαφ + a3 sin 3αφ + b3 cos 3αφ. After
satisfying the boundary conditions we obtain

ψ = 2α

tan 2α − 2α

(
sin 2αφ

2 cos 2α
− αφ

)

+R−1

[ −4α tan 2α

(tan 2α − 2α) (tan 3α − 3 tanα)

(
tan 3α

cosα
sinαφ− tanα

cos 3α
sin 3αφ

)]
+ O(R−2). (7)

The dimensionless streamlines from the perturbation solution are shown inFig. 2 for α = π/4, to-
gether with streamlines computed using the finite-element code POLYFLOWTM. The finite-element
solution was obtained by systematically changing the spatial region in order to obtain results over
five orders of magnitude inR. The numerical solution appears to exhibit small inaccuracies, hence
the slight deviation from the asymptotic solution for very largeR. The perturbation solutions are
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Fig. 3. Azimuthal component of the velocity at various locations for a Newtonian fluid. Dashed and dotted lines are the perturbation
solutions. The solid line is a finite-element solution at an intermediate position.
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reasonably accurate forR < 1 andR > 10. The expected streamline curvature is clearly seen,
with the transition starting at radial positions one to two orders of magnitude greater than the slip
length.

The dimensionless azimuthal velocityvθ is shown inFig. 3. The values forR � 1 andR = 10 are
computed from the perturbation solutions, while the value forR = 3 is from the finite-element solution.
vθ is independent ofR in the region where the linear expansion inR for the stream function is valid. The
flow is away from the center plane and towards the wall, as expected.

3. Power-law fluid

The viscosity for a power-law fluid is given by

η = Kγ̇n−1, (8)

whereγ̇ = √
(1/2)II for a general flow; II= κ : κ is the second invariant of the deformation rate tensor

κ . Non-dimensionalization now leads to a dimensionless length scaleR̃ = (2α)n−1r2n−1)/βK|q|n−1,
which still has the physical meaning of the ratio of radial position to slip length. The casen = 0.5 is
of special interest, in that the dimensionless length scaleR̃ is independent of radius, implying that the
stream function is independent ofr. We seek a solution for this case withv̄θ = 0, for which the continuity
equation requires the radial component of velocity to have the form

v̄r = f (θ)

r
. (9)

The details of the solution method are given inAppendix A. F = αf/q is a function of the reduced angle
φ = θ/α and the single parameterR̃. Fig. 4showsF as a function ofθ for α = π/4 and various values
of R̃. As expected, the solution tends towards plug flow with decreasingR̃.

The casen = 0.5 represents an important transition. For 1≥ n > 0.5, the azimuthal flow is away
from the center plane, consistent with a transition from no-slip asr → ∞ to complete slip asr → 0. For
n = 0.5, the azimuthal flow vanishes, indicating that the boundary behavior is the same for all values
of r. Fig. 5shows streamlines computed using POLYFLOWTM for n = 0.3; the dashed lines for smallr
(largeR̃, sinceR̃ ∼ r−0.4) show the fully-developed solution with a no-slip boundary condition, while
the dashed lines for larger (smallR̃) are a first-order perturbation solution1 in R̃ about the solution for
perfect slip. Hence, for 0< n < 0.5, the azimuthal flow istowards the center plane, with a transition
from perfect slip asr → ∞ to no-slip asr → 0. This counterintuitive behavior is consistent with the

1 It is straightforward to show that̃R is the appropriate expansion variable about the radial solution with no tangential stress and

R̃
−1

is the appropriate expansion variable about the radial no-slip solution. A closed-form solution for the latter is not available.
The expansion iñR for anyn is as follows:

1 > n > 0.5 : ψ = αφ + R̃
(

21−n

(ξ2 − 1) sinξα
sinξαφ − 21−n

(ξ2 − 1) sinα
sinαφ

)
+ O(R̃

2
),

0.5 > n > 0 : ψ = αφ + R̃
(

21−n

(ξ2 − 1) sinα
sinαφ − 21−n

(ξ2 − 1) sinhξα
sinhξαφ

)
+ O(R̃

2
).

Here,ξ = √|(1 − 2n)(3 − 2n)|.
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observation that̃R is the appropriate dimensionless length scale, sinceR̃→ ∞ (0) corresponds to either
β → 0 (∞) or r → 0 (∞).

We can gain some insight into this unusual behavior by considering rectilinear shear flow of a power-law
fluid through a plane slit with gapH, with a Navier slip boundary condition at both faces (y = 0 andH).
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Fig. 4.F as a function ofθ for various values of̃R for a power-law fluid withn = 0.5.
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Fig. 5. Streamlines for a power-law fluid withn = 0.3. The dashed lines in the upstream region represent the perturbation
solution around the no-stress boundary condition, while the dashed lines downstream represent the solution for a no-slip boundary
condition.
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For v̄x = v̄x(y) andv̄y = 0, the flow rate per unit width is

q = nH2

2(2n + 1)

(
H

2K

∣∣∣∣dP

dx

∣∣∣∣
)1/n

+ β
H2

4

∣∣∣∣dP

dx

∣∣∣∣ , (10)

and the slip velocity is given by

v̄s = v̄x|y=0 = β
H

2

∣∣∣∣dP

dx

∣∣∣∣ . (11)

FromEqs. (10) and (11), we can writeq in terms ofv̄s as

q = nH2

2(2n + 1)

(
v̄s

βK

)1/n

+ H

2
v̄s. (12)

We now think in terms of the lubrication approximation for smallα, whereH ∼ rα, and treatEq. (12)as
an equation for the slip velocity. It is straightforward to show forn > 0.5 that the first term on the right
determines̄vs for r → ∞, while the second term on the right determinesv̄s for r → 0; this is consistent
with the understanding gained from the Newtonian fluid, where the upstream flow approaches the no-slip
asymptote while the downstream flow approaches the full slip asymptote. Forn < 0.5, however, the
situation is reversed, and the first term on the right determinesv̄s for r → 0, while the second term
determines̄vs for r → ∞. This is consistent with the observations from the POLYFLOWTM simulations
and the perturbation solution.

3.1. Carreau–Yasuda (C–Y) model

The viscosity function in the Carreau–Yasuda (C–Y) model is given by

η = η0[1 + (λγ̇)a](n−1)/a. (13)

The C–Y equation is more realistic for real polymer melts than the power law, because it approaches a
Newtonian zero-shear viscosity at small deformation rates and power-law behavior at large deformation
rates. We intuitively expect Newtonian fluid behavior for larger and power-law behavior for smallr;
based on the results in the two preceding sections we might therefore anticipate unusual streamlines for
n < 0.5. The C–Y fluid will begin to show marked deviation from Newtonian behavior forλγ̇ ≈ 1. The
characteristic deformation ratėγ for the converging geometry is of the order of

γ̇ ≈ q

2 (αr)2 . (14)

We use the Newtonian fluid non-dimensionalization,r = Rβη0, in which case we expect deviation from
Newtonian behavior forR2 ≈ w, wherew is defined as

w = qλ

2 (αβη0)
2 . (15)

Fig. 6shows streamlines obtained from the POLYFLOWTM simulation for a C–Y fluid withw = 4.0
andn = 0.3. The streamlines for the C–Y and Newtonian fluids are identical forR � √

w, while the
C–Y fluid merges into the power-law fluid withn = 0.3 forR � √

w. The azimuthal flow is away from
the center plane forR >

√
w and towards the center plane forR <

√
w.



192 Y.M. Joshi, M.M. Denn / J. Non-Newtonian Fluid Mech. 114 (2003) 185–195

Fig. 6. Streamlines for a Carreau–Yasuda fluid withn = 0.3 andw = 4.0. The dashed line is the streamline for a Newtonian
fluid (w = 0), while the dotted line is the streamline for the corresponding power-law fluid.

Fig. 7. A streamline for a Carreau–Yasuda fluid withn = 0.3 for various values ofw; the Newtonian fluid isw = 0. The dashed
lines are the corresponding power-law streamlines.
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Fig. 7shows a single streamline for a Carreau–Yasuda fluid withn = 0.3 for various values ofw. The
two broken lines denoting the power-law fluid do not overlap because of the use of the length scaling
based on the zero-shear viscosity. The maximum deviation from the upstream no-slip Newtonian flow
and downstream no-slip C–Y flow occurs forR ≈ √

w, where the azimuthal velocity changes direction.

4. Conclusion

Power-law behavior with wall slip, in which the azimuthal velocity reverses direction and the asymptotic
behavior changes from slip to no-slip asn passes through 0.5, is relevant to most polymer processing
applications only in the downstream region because of the unphysical behavior of the power-law viscosity
as the deformation rate goes to zero. The Carreau–Yasuda fluid, however, which is more realistic for real
polymer melts, also shows very interesting and unexpected behavior. The most important case is the
Carreau–Yasuda fluid withn < 0.5, where the azimuthal velocity changes direction within the flow field
atR ≈ √

w and there is substantial curvature in the streamlines.
We believe this result is of some significance, because the slip at the boundary at high stresses may

be related to the entry flow instability that is often observed in polymer melts and is believed by many
investigators to be the “trigger” for gross melt fracture[8]. While we have dealt here only with inelastic
constitutive equations, viscoelastic constitutive equations should lead to flow fields that are at least as
complex in converging geometries with wall slip. The presence of curved streamlines is generally believed
to provide the initiating mechanism for viscoelastic instabilities at low Reynolds numbers[9,10].
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Appendix A. Power-law fluid with n = 0.5

We seek a radial solution, in which case

v̄r = f (θ)

r
. (A.1)

Writing the Cauchy momentum equations for creeping flow in ther andθ directions and eliminating the
pressure term, we obtain a second order partial differential equation for the stress:

∂2 (σrr − σθθ)

∂θ∂r
+ 1

r

∂ (σrr − σθθ)

∂θ
+ 1

r

∂2σrθ

∂θ2
− r

∂2σrθ

∂r2
− 3

∂σrθ

∂r
= 0. (A.2)

For radial flow of a power-law fluid, the second invariant term in the viscosity becomes
∣∣∣∣1

2
II

∣∣∣∣
(n−1)/2

=
(
4f 2 + (f ′)2

)(n−1)/2

r2(n−1)
= g (θ)

r2(n−1)
, (A.3)
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wheref ′ = df/dθ andg (θ) = (4f 2 + (f ′)2)(n−1)/2. The viscosity is then given by

η = Kg (θ)

r2(n−1)
. (A.4)

The components of the stress tensor are

σrr = −2Kgf

r2n
, σθθ = 2Kgf

r2n
and σrθ = 2Kg f ′

r2n
, (A.5)

andEq. (A.2)reduces to an ordinary differential equation,

d2
(
g f ′)

dθ2
+ g f ′ = 0. (A.6)

DefiningF = αf/q, a solution toEq. (A.6)can be written in dimensionless form for the specific case of
n = 0.5 as(

4F2 + (F ′)2
)−0.25

F ′ = c1 cosαφ + c2 sinαφ. (A.7)

Similarly, the Navier boundary condition can be written as

R̃F = ∓
√

2
(
4F2 + (F ′)2

)−0.25
F ′ atφ = ±1. (A.8)

whereR̃ = |q|0.5/√2αβK for n = 0.5. (The independence of̃R on r is what permits a radial solution
for n = 0.5.) We further require that∫ 1

−1
F dφ = 1. (A.9)

In order to solveEq. (A.7), we takeF = FclΘ, whereFcl is the value ofF at φ = 0 (henceΘ = 1 at
φ = 0). We can then writeEq. (A.7)as

Θ′ = c3 sinαφ
(
4Θ2 + (Θ′)2

)0.25
, (A.10)

and

Fcl = 0.5∫ 1
0 Θ dφ

, (A.11)

with
√

2Θ′ = −FclR̃Θ
(
4Θ2 + (Θ′)2

)0.25
atφ = 1. (A.12)

We now specifyc3 and solveEq. (A.10)numerically forΘ(φ). The corresponding values ofFcl andR̃ are
then calculated usingEqs. (A.11) and (A.12), respectively, providing a one-parameter family of solutions
asc3 is varied.
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